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Introduction
Recently, the idea that the symmetry group of spacetime at energy close to the Planck scale could be a deformation of the Poincaré group has attracted much attention [1] [2] [3] [4] . This hypothesis is motivated by the observation that the Planck energy κ, which is essential in the formulation of theories of quantum gravity, could be a fundamental constant of physics on the same ground as the speed of light, and should therefore be left invariant under the group of transformation of spacetime. This implies that the Poincaré group should be deformed in such a way that its action on momentum space leaves the energy κ invariant [3] [4] .
Unfortunately, this assumption is not sufficient to single out a unique deformation of the Poincaré group, even if one introduces further physical requirements, as for example the request that in the low energy limit the deformation tends to zero. One can therefore define a large class of different models, that are usually called deformed (or doubly) special relativity (DSR). The first example, obtained from algebraic investigation, was the κ-Poincaré group [1] [2] . Later, different models were derived from physical considerations [3] [4] .
All these models are characterized by the property that the deformations are realized as a nonlinear action of the Lorentz group on the momentum space [4] [5] . This definition however leaves the action of the Lorentz group on the coordinate space undetermined. It is evident that such action cannot be the same as in special relativity, and in particular cannot be independent of the momentum of the particle on which it is applied. A further complication is the possibility, suggested by the κ-Poincaré approach, that the spacetime be noncommutative [1] [2] .
Moreover, it is also clear that the kinematics and the dynamics of point particles must be modified if one wants to obtain a picture consistent with the deformed spacetime. In particular, the definition of the velocity of a particle is problematic in DSR models [6] [7] [8] [9] [10] [11] . For example, if one adopts the naive definition v i = p i /p 0 , the velocity depends on the mass of the particle [9] and moreover the speed of light is energy dependent † . These problems can be overcome if one requires that the velocity be a property of the reference frame rather than of a specific object and hence defines it in terms of boosts [10] .
The expression for the velocity obtained in this way can be derived from a Hamiltonian description of free particles only postulating noncanonical Poisson brackets [2, [7] [8] : in particular the Poisson brackets between space and time coordinates cannot vanish. This can be interpreted as the classical counterpart of a noncommutative geometry. Although several specific examples are given in the literature [7] [8] [13] [14] , no general prescription is known for defining the Hamiltonian structure for generic DSR models.
Fixing the Hamiltonian structure is also useful for the determination of the transformation law of coordinates. In [13] , in fact, the transformation law was derived from the requirement that the action functional be a scalar under deformed Poincaré transformations.
In this paper, we extend the results of [13] to generic DSR models, obtaining a definition of Poisson brackets and coordinates transformations in accordance with the definition of velocity of ref. [9] , and give some explicit examples of applications of the formalism.
Hamilton equations
According to the approach of ref. [5] , since the symmetry group of DSR theories is a nonlinear realization of the Lorentz group, there must exist a function π = Φ(p), with inverse p =Φ(π), that maps the physical momentum p into the unphysical momentum π, which transforms linearly under Lorentz transformations.
The action of a Lorentz transformation on p will then be given by the composition
is the linear action of a Lorentz transformations on π. The kinematical quantities of the physical theory transforming in the right way under the deformed Lorentz transformations should then be defined through this mapping. For example, this method has been used to obtain a consistent definition of the addition law for momenta [5] .
Using this prescription, Kosinski and Maslanka [10] have shown that a definition of the velocity 3-vector compatible with the group structure of the deformed Lorentz transformations is given by
In [9] it was also argued that this definition is the only one that satisfies the natural requirement that the velocity of a particle should be independent of its mass. Moreover, it implies that speed of light is energy-independent and always equal to 1.
We want to derive this definition of velocity from the Hamiltonian formalism. Therefore, taking into account the standard postulates of DSR, we assume that the classical momenta π a (a = 0, i), satisfying the mass shell constraint π 2 0 − π 2 i = m 2 , can be written in terms of the physical momenta p a as
where G i (p 0 , p i ) = p i G(p 0 , p 2 i ). We write the inverse relations as
In this notation, the definition (1) of velocity is
This expression for the velocity cannot be obtained in general from the Hamiltonian formalism if one assumes canonical Poisson brackets, but can be obtained if one admits a more general symplectic structure [7] [8] .
The 3-velocity of a particle is by definition
where ω ab = {q a , p b } andq a ≡ dq a /ds is the derivative of the position coordinate q a with respect to the proper time s. The Hamiltonian H for a free particle is defined as usual as the Casimir operator of the algebra,
Equating the expressions (4) and (5) for v i , one can obtain a relation between the ω ab , which must be satisfied together with the Jacobi identities, {{q a , q b }, p c } + perms. = 0. In the context of DSR models, one usually assumes ω i0 = 0, ω ij = −δ ij , and {q 0 , q i } = q i /κ, {p 0 , p i } = 0. Note the necessity of assuming nontrivial Poisson brackets between the spatial and temporal coordinates.
The Jacobi identities then imply ω 00 = f (p 0 ), ω 0i = −p i /κ + g(p 0 ). Under these assumptions, one obtains
where H ,a ≡ ∂H/∂p a = F F ,a − G k G k,a and 1/G i is the 3-vector p i /(p 2 G). This relation fixes ω 00 in terms of ω 0i and the known functions F and G i . Usually, one makes the further assumption g(p 0 ) = 0, which yields
In the following, we shall always take g(p 0 ) = 0.
Generalizing an observation of Granik [8] , starting from the previous results one may also define a "line element". In fact, one can write
Substituting (7),
A short calculation gives then
If F and G do not depend on p i , the expression (11) simplifies to
However, this expression is not invariant in general under the deformed Lorentz transformations of next section and it is not clear what physical meaning can be attributed to such line element.
The transformation laws
Following ref. [13] , it is also possible to find the deformed transformation law for the coordinates † . For simplicity of notation, we shall consider the 2-dimensional case. The transformation law for the momenta can be obtained from the standard Lorentz transformations as explained at the beginning of section 2. One has
where
It is known that the Hamilton equations for systems with nonstandard symplectic structure can be derived from an action principle [17] . Given a phase space with symplectic structure {Q A , Q B } = Ω AB , where Q A denote either the coordinates or the momenta, one defines the functions R A (Q A ) such that
where Ω AB is the inverse of Ω AB . The Hamilton equations can then be obtained varying with respect to Q A the action
Note that in general the action so defined contains derivatives of the momenta. In our case, we define Q 1 = q 0 , Q 2 = q 1 , Q 3 = p 0 , Q 4 = p 1 . Defining ω(p 0 ) = ω 00 (p 0 , p 1 (p 0 )), where p 1 has been written as a function of p 0 by inverting the mass shell condition H = m 2 /2, the nonvanishing components of Ω AB read Ω 12 = q 1 /κ, Ω 13 = ω(p 0 ), Ω 14 = −p 1 /κ, and Ω 24 = −1.
Inverting Ω AB , one finds for Ω AB the nonvanishing components Ω 13 = 1/ω, Ω 23 = −p 1 /κω, Ω 24 = 1, and Ω 34 = q 1 /κω. Solving (15), one has then
Substituting in (16) and integrating by parts one obtains
and can identify the variables conjugated to the momenta p a as
† Alternative approaches are described in [14] [15] [16] .
which yields q 0 = ω(p 0 )r 0 − p 1 r 1 /κ. In order for the action to be invariant under the deformed Lorentz group, the r a must transform controvariantly, i.e. as
Hence the coordinates transform as
Since by the field equationsṗ a = 0 for a free particle, the second term vanishes and also theq a transform homogeneously.
Examples
1) The Magueijo-Smolin model [4] . This example displays a very simple algebraic structure. One has
and hence v i = p i /p 0 , and
Eq. (7) gives
as in [8] . The metric (11) can be written in this case as
and is invariant under the transformations (18) . These are discussed in detail in [13] .
2) The κ-Poincaré model [1] [2] . One has
The Hamiltonian is given by †
Substituting in (7), one obtains ω 00 = 1, as in ref. [7] . The metric (11) is
This metric and is not invariant under the transformation of coordinates (18), whose explicit form is given in [13] .
3) The conformal model [18] . A less known example is the Poincaré subalgebra of the conformal algebra of ref. [18] . In this case, F = κ e p 0 /κ − 1 , G i = p i , and v i = p i κ e p 0 /κ − 1 .
One has
and then, by (7),
with Hamilton equationsq 0 = κ e p 0 /κ − 1 ,q i = p i .
The explicit expression of the deformed transformations (18) is very involved in this case, and we shall not report it here.
Conclusions
We have obtained a general formula for the Poisson structure of DSR models that through the Hamilton equations determines an expression for the velocity of a particle which is compatible with its definition in terms of boosts. From the requirement of invariance of the action it is also possible to deduce the law of transformation of the coordinates of a particle, that for generic models is rather involved. Its main peculiarity is that it depends on the momentum of the particle, and this suggests that a consistent description of spacetime in DSR theories should involve the full phase space.
In the derivation of our results, we have fixed ab initio some of the components of the canonical form ω ab . A different choice might simplify the results in some specific cases.
